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Abstract 

The matrix elements of the 2x2 fusion of Baxter’s elliptic R- matrix, R l 3' 2 \u), are given 
explicitly. Based on a note by Jimbo, we give a formula which show that i^ 2,2 )(w) is gauge 
equivalent to Fateev’s i?-matrix for the 21-vertex model. Then the crossing symmetry for¬ 
mula for fd 2,2 ) (■ u ) is derived. We also consider the fusion of the vertex-face correspondence 
relation and derive a crossing symmetry relation between the fusion of the intertwining 
vectors and their dual vectors. 


1 Notations 


_ _ 7 tK _ 7T A , _ 7rXu . _ O' 

Let p = e k , q = —e in and Q = e 2 k . We introduce x, r and r by x = —q, r = -j^- 
and r = Then p = e~ w 2 = x 2r . Through this paper, we assume Imr > 0. Let 
p = e 2mr = e _7r ^, where / = -y-, I' — 2K. We use the theta functions 


$ i ( w | t ) = 2p 1 ^{jp-,p) 00 sin nu J^(l — 2 p n cos 2 nu + p 2n ), 

n= 1 

d 0 ( M |r) = -ie^ u+T ^^ (m + T - r) , 


d 2 (n|r) = di ( u + 
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0 3 ( m | t ) = e 7r *(“+ T / 4 )^ 1 ^ + Z ±1 T^J 
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We also use the symbol [w] defined by 
[u] = X^~ U Q x 2r(x 2U 

and abbreviation 


= COi y— rj, C = x 4 e 


U T 

2r 2 


U T 

2r 2 


^(^11) = ^o( 0|t) ^i (v| T ) > 


2 Fusion of Baxter’s i?-matrix 

Baxter’s elliptic R-matrix is given by[1] 


R(u) = Rq(u) 


b(u) c(u ) 
c(u) b(u) 


where 


Rn(u) = Z 2 r 


a(w) = 


cm = 


_ r=i (pa: 2 z; x 4 , p)^ (x 2 z] x 4 , p )oc [p/z\ x 4 , p )oc (x 4 jz ; x 4 , p ) c 


C px 2 /z ; X 4 , p)oo(x 2 /z; x 4 , p)oo{PC x 4 , p)oo(^ 4 ^; ^ 4 , p)oo ’ 
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with z = ( 2 = x 2u . Let V = Cv £l © Cu £2 , £i ,£ 2 = +, — • We regard R(u) G End(H © V ). 
The P-matrix (2.2) satishes 

R{u)PR{u)P = id, (2.5) 

R(-u - 1) = {a y © l)" 1 (PP(u)P )* 1 a y © 1, (2.6) 

P(0) = P, lim R(u) = P- id. (2.7) 

u^ — 1 

Here denotes the transposition with respect to the Erst vector space in the tensor 
product and P(£i © £ 2 ) = £2 © £ 1 . 

Fusion of R(u) was considered systematically in [2], Let V ® be the space of the 
symmetric tensors in V spanned by v 2 2 ^ = v + <g>v + , v^ = |(u + ©u_+u_©v + ), v^l = 
© u_.The projection operator of the space V © V on is given by n = |(P + id). 
Let V±, V 2 , Vj, V 5 be the copies of V. Dehne 

R%j(u) = n 12 R l3 {u + 1 )R 2 ~ j (u) e End(H {2) © Vj). (2.8) 

It follows that 


dh 1 (“in,* = <h“)- < 2 - 9 > 


The 2 x2 fusion of the P-matrix is then given by 


p ( 2 ’ 2 ) Cu) = n i 2Pf 2 ; 1 2 ) (M)pf 2 ; 1 I ) (M - 1 ) e End(H (2) © f (2) ). ( 2 . 10 ) 


This satishes the Yang-Baxter equation on V^ © V^. 

We calculate the matrix elements of P (2,1 ^(-u) and R ( ' 2,2 \u ) dehned by 


P (2,1) (m)u^ 2) © ^ ^ (2,1) («)^v (2- 11 ) 

m '= 2,0,-2 
e'=+- 

Y ( 2 . 12 ) 

/i'i,//2=2,0,—2 


From (2.8), we have 


P^f 


)C,% = 


*(« +1)7-3. 


(2.13) 


e'g"=±l 


where we set p = £1 + £ 2 , p' — s\ + £ 2 . Evaluating the summation explicitly, we obtain 
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Proposition 2.1 
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Similarly, from (2.10), we obtain 


R (2 ’ 2 \uV} % 

n P2 


m "= 0,±2 




where fi\ = £\ + £2, fi[ = e) + e' 2 and 1+2 = £1 + £2, /4 = £[ + Z 2 . 
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Proposition 2.2 
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The *-ed matrix dement is obtained from a corresponding non-*-ed element by replacing 
the theta functions only depending on u in the following rule. 


di —> -id 2 , id 2 —> $i. 


From this expression, one can easily see the following symmetries. 


fl ft2) («)5S 


fl< 2 ’ 2 >( U ) 


Wl 

£ 2 £ 1 


—ei—£2 


(P—invariance) 

(Z 2 — symmetry). 


In 1980, Fateev proposed the 21-vertex model as the spin one extension of Baxter’s 
eight vertex model[3]. Solving the Yang-Baxter equation, he obtained the following R- 
matrix. 


/« 1 
0 
0 
0 


Rf{u ) = F(w) 


h 
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0 
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V ^ 


0 0 
t 0 
0 T 
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where 


si = cn2A + 
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s 2 = cn2A + dn2A — 1 + 


snA sn 2 A 


snA u snA(?j + 1) ’ 
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and F(u) satisfies 


F(u) = F(—u — 1), 
F(u)F(-u) = 


sn 2 A u 


sn 2 A u — sn 2 2 A 


Rp(u) has the following symmetries. 


Mu)% = 

R F ( u )ki = Mu)”, 


R F {u)l = R f (-u - 1 ): 


kj 


(P— invariance) 
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We find 
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Then the following theorem is essentially due to Jimbo[4], 
Theorem 2.4 R ^ 2 P ( u ) is gauge equivalent to Rf{u). Namely, 
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Combining the crossing symmetry of Rp(u) and the P- invariance of R l ' 2 ' 2 \u), we find the 
following crossing symmetry formula for R l ' 2,2 \u). 

Corollary 2.5 

i? (2 ’ 2) (-w - 1) = Q~ l ® 1 (PWRP’Q^PV))* 1 Q® 1, (2.14) 

where 

n+y 2 0 1 -y 2 \ 

Q = U t U = ~ 0 a: 2 0 

v 2 

V 1 -y 2 0 1 + y 2 ) 

and P^ is the permutation operator P^ 2 \vef ® Vef) = vif ® vif. 

Remark : 

The crossing symmetry of the elliptic .R-matrix is related to the dual module of the finite 
dimensional module of the elliptic algebra A q , p(sh), or the module of the Sklyanin algebra. 
See [5] for the case U q (s\ 2 ). Let be the 3-dimensional module of Aq^sh), and V^* its 
dual module. The above Q-matrix gives an isomorphism between and V<». 




with \a — b\ — 1. Baxter showed the following identity[l]. 


R ( U ~ V )t\el ^e'^Yb^e^tc = {u^W 
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3.1 Fusion 


Following Date et al. [2], we consider the fusion of the Vertex-Face correspondence relation 
(3.3). 

The fusion of the SOS weights is briefly summarized as follows. The SOS weight (3.1) 
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one can verify the following statements. 

(i) The RHS of (3.7) is independent of the choice of a' provided |a — a' 

(ii) For all a, b, c, d, 
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The 2 x 2 fusion of the SOS weight is then given by the formula 

•uj . (3.8) 

Here the RHS is independent of the choice of b' provided \b — b'\ = \b' — c\ = 1. Now the dy¬ 
namical variables a, b, c, d satisfies the extended admissible condition; a,j — G { 2 , 0 , — 2 } 
for any two adjacent local heights dj,ak■ Furthermore the resultant SOS weight IT 22 sat¬ 
isfies the face type YBE and defines the 2x2 fusion SOS model. Explicit expressions 
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of W 22 I u ) are given, for example, in [6]. It satisfies the unitarity and crossing 

\d c ) 
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The fusion of the intertwining vectors is given by 
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(3.3), (2.8), (2.10), (3.7), (3.8) and (3.11), pne can show 
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\ 0 c 


Explicitly, the vector ip^ 2 ) (u)l is calculated as follows[6]. 
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2 tf„(H±!!| r ) tfo (I| T ) 


3.2 The dual intertwining vectors and their fusion 


Let us consider the dual vector defined by 

V{u) a b v e = ip* £ (u) a b , ip*(u)Z = -£^jpC 2 i/j- e {u- l) a b (3.13) 
with |a — b\ = 1. By a direct calculation, we verify the inversion relations 
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Hence we call if}*[u) b the dual intertwining vector. From the crossing symmetry properties 
of R and W the following vertex-face correspondence is held. 
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The relation (3.18) indicates that the RHS of (3.19)is independent of the choice of £i,e 2 
proivided /i — £ 1 + £ 2 . Then using (3.14) and (3.15), it is easy to verify the following 
inversion relations. 
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Proposition 3.2 
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Applying the crossing symmetry relations (2.14) and (3.10) twice to (3.12), we obtain 
the relation which should be compared with (3.22). Then fixing the suitable normalization 
function, we obtain 
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Theorem 3.4 
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